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1. Introduction

An adapted frame on a space curve r(t) is an orthonormal basis for R3 such that, at each curve point, the unit tangent
t=r'/|r| is one basis vector, and the other two basis vectors span the curve normal plane. The Frenet frame (t, n, b) defined
by the curve intrinsic geometry is perhaps the most familiar example — the principal normal n points to the center of
curvature, and the binormal is defined by b =t x n (Kreyszig, 1959). However, as noted by Bishop (1975), there is an
infinitude of adapted frames associated with any given space curve, and among them the rotation-minimizing frames (RMFs)
are useful in animation, motion planning, swept surface constructions, and related applications where the Frenet frame may
prove unsuitable (Guggenheimer, 1989; Jiittler, 1998; Klok, 1986; Sir and Jiittler, 2005; Wang and Joe, 1997; Wang et al.,
2008).

The variation of an adapted orthonormal frame (fi, f5, f3) with f; =t along a curve r(t) may be specified by its vector
angular velocity @(t) as

,1=(()Xf], f’2=a)xf2, f’3=a)><f3.
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The magnitude and direction of @ specify the instantaneous angular speed w = || and rotation axis a = @/|w| of the frame
vectors (f1, f2, f3). Since (f;, f2, f3) constitute an orthonormal basis for R3 we can write

® = wify + wofy + wsfs,
where the components of @ are given by
a)1=f3~f,2:—f2~f,3, a)z:fl-féz—fg-f/l, a)3:f2-f’1:—f1-f’2. @)]

The distinguishing feature of a rotation-minimizing adapted frame is that @ maintains a zero component w; along f; =t,
i.e.,, @-t=0. This means that, at every point of r(t), there is no instantaneous rotation of the normal-plane vectors f; and f3
about f;. The focus of this paper is on curves for which the RMF vectors have a rational dependence on the curve parameter.

There is an intimate connection between the Pythagorean-hodograph (PH) curves — i.e., polynomial curves r(t) =
(x(t), y(t), z(t)) that satisfy

GIE \/ X2(t) + y2(t) + 22 (t) = o (t) (2)

for some polynomial o (t) — and curves with rational RMFs. Namely, since satisfaction of (2) is necessary for a rational unit
tangent, the search for curves with rational RMFs may be restricted to PH curves.! For a comprehensive review of the theory
and applications of PH curves, see Farouki (2008).

Rational forms are always preferred in computer-aided design whenever possible, since they are exactly compatible with
the representation schemes of most CAD systems and permit efficient computations. In general, however, both Frenet frames
and rotation-minimizing frames are not rational — even for PH curves. Choi and Han (2002) observed that the spatial PH
curves always admit a rational adapted frame, the so-called Euler-Rodrigues frame (ERF). Although the ERF does not have
an intuitive geometric significance, and is dependent upon the chosen Cartesian coordinates, it has the advantage over the
Frenet frame of being non-singular at inflection points.

These facts have motivated recent interest in two special classes of PH curves — the double Pythagorean-hodograph (DPH)
curves (Beltran and Monterde, 2007; Farouki et al., 2009a, 2009b) which have rational Frenet frames (and thus might also
be called RFF curves), and the set of PH curves with rational RMFs (Choi and Han, 2002; Han, 2008). For brevity, we shall
call the latter RRMF curves — bearing in mind that they are necessarily PH curves. DPH curves are intimately related to the
theory of helical polynomial curves (Beltran and Monterde, 2007; Farouki et al., 2004; Monterde, 2009): it was shown in
Beltran and Monterde (2007) that all helical polynomial curves must be DPH curves, although there exist non-helical DPH
curves of degree 7 or more.

Investigations of RRMF curves have thus far been relatively sparse. Choi and Han (2002) studied conditions under which
the ERF of a PH curve coincides with an RMF, and showed that, for PH cubics, the ERF and Frenet frame are equivalent; for
PH quintics, the ERF can be rotation-minimizing only in the degenerate case of planar curves; and the simplest non-planar
PH curves for which the ERF can be an RMF are of degree 7. More recently, Han (2008) presented an algebraic criterion
characterizing RRMFs of any (odd) degree, and showed that RRMF cubics are degenerate — i.e., they are either planar PH
curves, or PH curves with non-primitive hodographs.

In this paper, the existence of non-degenerate quintic RRMF curves is demonstrated through a simple constructive pro-
cedure, based on a detailed analysis of the algebraic condition for rationality of the RMF on a PH curve in the Hopf map
representation. This analysis furnishes a simple complex-arithmetic algorithm for the practical construction of RRMF quin-
tics, and permits generalization to the study of higher-order RRMF curves.

The plan for the paper is as follows. After some preliminaries concerning PH curve representations and adapted frames
in Section 2, the condition for existence of rational RMFs is formulated and analyzed in terms of the Hopf map form
of spatial PH curves in Section 3. This condition is then analyzed in detail, in the context of PH cubics and quintics, in
Sections 4 and 5. The Hopf map representation offers a simple proof of the fact that only linear or planar cubics admit
rational RMFs. For quintics, simple constraints that characterize the existence of rational RMFs are derived, leading to an
easily-implemented algorithm. Finally, Section 6 briefly discusses the generalization of these results to higher-order RRMF
curves, while Section 7 summarizes and assesses the main results of this paper.

2. Adapted frames on spatial PH curves

A polynomial space curve r(t) is a Pythagorean-hodograph (PH) curve if its derivative r'(t) satisfies (2) for some poly-
nomial o (t). Two alternative (but equivalent) algebraic characterizations for hodographs r'(t) that satisfy this condition
were introduced by Choi et al. (2002). In the quaternion representation, a spatial Pythagorean hodograph is generated from a
quaternion polynomial A(t) = u(t) + v(t)i + p(t)j + q(t)k by the expression

r'(t) = ADOiA* (), (3)

! 1t is possible to compute exact RMFs on spatial PH curves (Farouki, 2002), although in general they incur transcendental functions. As an alternative,
piecewise-rational RMF approximations for PH curves have been proposed in Farouki and Han (2003).
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A*(t) being the quaternion conjugate of .A(t) — note that the expression on the right is a quaternion with zero real (scalar)
part, which may be regarded as a vector in R3. The Hopf map representation, on the other hand, generates Pythagorean
hodographs from pairs of complex polynomials? a(t), B(t) by the expression

¥ = (la®)]” = [BO]*, 2Re(a B D)), 2Im(a(HB(D))). (4)

The equivalence of (3) and (4) may be seen by taking A(t) = a(t) + KkB(t), where the imaginary unit i is identified with the
quaternion element i. For a comprehensive treatment of these two representations, see Choi et al. (2002), Farouki (2008).

Curves with primitive hodographs r'(t) = (X'(t), y'(t), Z/(t)) — satisfying gcd(X'(t), y'(t), Z/(t)) = constant — are typically
preferred in practice, since a common real root of the hodograph components can incur a cusp on the curve. In the Hopf
map form (4) of PH curves, the hodograph is primitive if and only if gcd(e(t), B(t)) = constant (see Remarks 1 and 2 in
Farouki et al. (2009a)).

This paper relies more on the Hopf map form (4), since it proves better suited to the problem at hand, although the
quaternion form (3) is also used occasionally. The PH curve defined by integrating (4) is evidently of (odd) degree, n =
2m + 1, where m = max(deg(c(t)), deg(B(t))). The polynomials e (t), B(t) are represented here in Bernstein form:

() = Za;(".')(l —0" I, =) B ,»("7)(1 — 0™, (5)
— J — J
j=0 j=0
Consider an adapted frame (f;(t), f2(t), f3(t)) on a regular curve r(t), with
r(t)
fi(t) = .
0= 1o

Many adapted frames exist, since a rotation of the normal-plane vectors by an angle ¢ (t) defines a new adapted frame upon
replacing f,(t), f3(t) by
cosp(t) f2(t) —sing (6) f3(t),  sing () f2(t) + cos () f3(D).
The frame (f;(t), f2(t), f3(t)) is rotation-minimizing if and only if its angular velocity @(t) maintains a zero component w1,
given by (1), along f1(t) (Bishop, 1975).
Now if we desire rational adapted frames, we may consider only PH curves — since condition (2) is necessary for f;(t)
to be rational. A rational adapted frame (eq(t), e;(t), e3(t)) known (Choi and Han, 2002) as the Euler-Rodrigues frame (ERF)

can be defined on any spatial PH curve in terms of the quaternion representation. This frame is obtained by unitizing
A@®)iA* (), A)jA*(t), A(t)kA*(t) — in terms of the Hopf map form, it is given by

e, _ ((e* — 1B 2Re(@p), 2Im(@B)

loe2 + | BI2 ’
(—2Re(aB), Re(a? — %), Im(a® + B%))
e = 5
loe2 + | BI2
2Im(ap), —Im(a? — %), Re(a? + B%))
e3 = 5 5 . (6)
loe|2 + |B]

Hence, any other adapted frame on a spatial PH curve, defined by a rotation ¢ (t) of e,(t), es(t) in the curve normal plane,
is rational if and only if

Py(t) . Py (t)
s sing(t) = s
P3(t) ¢ P3(t)
for real polynomials P1(t), P2(t), P3(t) satisfying
ged(P1(t), P2(t), P3(t)) = constant and  P3(t) + P3(t) = P3(t).

cos¢(t) =

Hence, relatively prime polynomials a(t), b(t) must exist (Kubota, 1972) such that
P1() =a*(®) —b*(t),  P2(t) =2a(®)b(t),  P3(t) =a*(0) +b* ().

Thus, any other rational adapted frame (f1(t), f2(t), f3(t)) on a PH curve can be expressed in terms of the ERF as f;(t) = e (t),
and

a2 () — b3 () 2a(t)b(t)
f) = 2O 10 ex(t) — 20 1020 es3(t),
_ 2a(Hb(t) a?(t) — b2 ()
f3(0) = 20 1020 ex(t) + 201070 es(t), (7)

where a(t), b(t) are polynomials with gcd(a(t), b(t)) = constant.

2 Bold font symbols are used to denote both complex numbers and vectors in R3 — the meaning should be clear from the context.
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Remark 1. The focus of this paper is on rotation-minimizing adapted frames (RMAFs), which incorporate the unit tangent
t=r'/|r'| as one frame vector, and the rotation of the frame vectors in the normal plane (orthogonal to t) is minimized.
The rotation-minimizing directed frame (RMDF), studied in Farouki and Giannelli (2009), incorporates the unit polar vector
o =r/|r| as one component, and minimizes the rotation of the frame vectors in the image plane (orthogonal to o). The
RMDF is of interest in camera orientation control and related problems, and in Farouki and Giannelli (2009) it was shown
the theory of RMAFs carries over to RMDFs, applied to the anti-hodograph (indefinite integral) of the given curve r(t).
Therefore we focus on the RMAF here, and for brevity we designate it by RMF.

3. Spatial PH curves with rational RMFs

For brevity, curves with rational rotation-minimizing frames are henceforth called RRMF curves — such curves must be PH
curves, since only PH curves possess rational unit tangents. Note that straight lines and planar PH curves are trivially RRMF
curves. Since we are interested in non-degenerate RRMF curves (i.e., true space curves) we quote the following results from
Farouki et al. (2009a), that allow us to discount these degenerate cases for PH cubics and quintics.

Remark 2. A spatial PH cubic degenerates to a straight line if and only if the coefficients of the linear polynomials e (t),
B(t) satisfy a1 : B1 =g : By, and to a plane curve other than a straight line if and only if, for some real A and complex z,
we have a1 = iatg —zfo and B = AB( + zap.

Remark 3. A spatial PH quintic degenerates to a straight line if and only if the coefficients of the quadratic polynomials
o(t), B(t) satisfy ap : B, = a1 : 1 =0to : By, and to a plane curve other than a straight line if and only if we have a1 =
Aotg — w1zBo, 0y = Ao — 22Bo and B = A1 Bq + 1280, By = A2 + 228 for some real A1, Az, (b1, 2 and complex
z, provided that the hodograph (4) is primitive.

A sufficient and necessary condition for the existence of a rational RMF on a spatial PH curve has been derived by Han,
in terms of the quaternion representation: see Theorem 5 and related discussion in Han (2008). In terms of the Hopf map
representation, this condition can be phrased as follows.

Theorem 1. A regular PH curve defined in terms of two complex polynomials a(t), B(t) by the hodograph (4) has a rational RMF if
and only if a complex polynomial w(t) = a(t) + ib(t) exists, where a(t) and b(t) are real polynomials with gcd(a(t), b(t)) = constant,
such that

ao' —d'o+ B — BB Ww —Ww
ao+ Bp S oaw

(8)

Note that, since the numerators in (8) amount to 2iIm(ae’ + 88’) and 2iIm(ww’) and the denominators to |a|? + ||
and |w|?, respectively, this is essentially a relation between two real rational functions.

Remark 4. The polynomial w(t) in (8), written in Bernstein form as
m m .o
w(t) = w-( ,)(1 — )™,

is assumed to be nominally of the same degree as a(t), B(t) in (5). However, it may be that (8) is satisfied in cases where
the numerator and denominator of the expressions on the left or right have a non-constant common factor, and in such
cases the degree of w(t) may differ from that of e (t), B(t). The case deg(w(t)) <m is of no concern, since a polynomial of
degree < m has a non-trivial (degree-elevated) representation in the degree-m Bernstein basis. In the case deg(w(t)) > m,
we must have gcd(Ww’' — W'w, Ww) # constant — in this case, analyzed in Appendix A, w(t) must have multiple roots.

Remark 5. When w(t) is either a real polynomial or a constant, condition (8) implies that

ame'(t) —a'Oat) + OB ) — B (OBE) =0. (9)

If this condition holds, the angle ¢(t) between the ERF and RMF is constant. Since computation of the RMF incurs an
integration constant, we may regard (9) as the condition identifying coincidence of the RMF and ERF: a detailed analysis of
this condition was presented by Choi and Han (2002).

Henceforth, we assume that the polynomials (5) satisfy |etg|? 4+ |Bol? # 0 and |etm|? + |82 # O, since otherwise r'(t) =0
at t =0 or 1. The following result helps to simplify analysis of the RRMF condition (8).

Lemma 1. If (8) is satisfied for given complex polynomials a(t), B(t) by a complex polynomial w(t), it is also satisfied by cw(t) for
any constant ¢ # 0. Thus, without loss of generality, one may set wo = 1 as the leading Bernstein coefficient of w(t).
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Proof. The rational function on the right in (8) is unchanged if we replace w(t) by cw(t), for any ¢ # 0. Since we must have
[wol # 0 if |otg|? + |Bol* # 0, we may substitute cw(t) with ¢ =1/wp for w(t). O

Interpreting the complex polynomials e(t), B(t), w(t) as curves in the complex plane, the expressions o (t)et'(t) —
@' (Ho(t), BB () — B OB, W)W (t) — W (£)w(t) in (8) have an intuitive geometrical meaning: they are proportional to
the areal speed of these curves — i.e., the rate at which the polar vector from the origin to the points of each curve sweeps
out area. This interpretation deserves further consideration, but at present we find a direct algebraic analysis of condition
(8) more profitable.

4. Characterization of RRMF cubics

Using the quaternion representation of spatial PH curves, Han (2008) has shown that only degenerate (linear or planar)
cubics have rational RMFs. Prior to analysing quintic RRMF curves, it is instructive to deduce this result from the Hopf
map condition (8), using the form of w(t) defined in Lemma 1. PH cubics are generated by choosing linear polynomials
o(t) =ap(l1—t)+aqt, () = Bg(1—t)+ Bt in (4). We assume they are relatively prime, otherwise the PH cubic degenerates
to a straight line (see Remark 2). This implies that o¢g : a1 # B¢ : B, and in particular (ag, 8¢) # (0,0) and (e¢1, B1) # (0, 0).

Proposition 1. A PH cubic defined by the Hopf map form (4) has a rational rotation-minimizing frame if and only if the Bernstein
coefficients ag, ot1 and B, B of the linear complex polynomials et (t) and B(t) satisfy the constraint

ot + BoB11? = (letol? +1B0l?) (lee1 | + 18112). (10)

Proof. Han (2008) has shown that, in this case, condition (8) cannot be satisfied with deg(w(t)) > 1, so we may set w(t) =
wo(1 —t) + wqt. Comparing the numerators and denominators on the left and right of (8), we must have

doay — &0 + BoBy — B1Bo = ¥ (Wow; — WiWp),

o0 + BoBo = ¥y WoWo,

@ooty + @100 + BoBy + B1Bo = ¥ (Wow; + WiWp),

a0+ B1fy = yWiwy,

for some non-zero real number y. These four equations are equivalent to

@oeto + BoBo = ¥ Wowo,

aoat + o1 = yWown,

aioq + B1By =y Wiwg. (11)
By Lemma 1, we may take wg = 1. The first two of Egs. (11) then give

_ @oa + Bopy

2 2
Y =leol” + B0l wi = .
lozol? + 1 Bol?

(12)
To define a solution of Egs. (11), these expressions for y, wp, wi must be compatible with the third equation. Substituting
for y, wop, wy into this equation, and clearing denominators, yields the constraint (10). O

One can easily see that, when condition (10) is satisfied, the PH cubic r(t) degenerates to a straight line (whose RMF is
trivially rational) — condition (10) is equivalent to |eg8; — ot1Bo|? = 0, so the linear polynomials e(t), B(t) are proportional.
By Remark 2, this situation identifies a straight line as a degenerate PH cubic. Now Proposition 1 treats the generic case,
in which the left- and right-hand sides of (8) are not both identically zero. We address separately the special case (see
Remark 5) in which both sides of (8) vanish.

Corollary 1. When Im(eegot + BOﬁ]) = 0, the polynomial w(t) is real, and r(t) degenerates to a planar PH cubic whose RMF is
trivially rational.

Proof. If apot1 + Boﬂl is real, w(t) = wp(1 —t) + wt is a real polynomial. Since \_ozo|2 +1Bo|% #0, we can write a1, B in
terms of complex numbers ¢, z as a1 = catg — zBo, B =By + zalo. Then a&poe1 + Pof1 = c(log|? + |ﬁ0|2) has no imaginary
part if and only if ¢ = A € R. By Remark 2, this identifies a planar PH cubic (not a straight line), whose RMF is trivially
rational. O
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5. Characterization of RRMF quintics

Since no true spatial cubics possess rational RMFs, we now focus on quintics. Although the analysis is more involved,
invoking Lemma 1 allows us to reduce the RRMF condition (8) to two simple algebraic constraints on the Bernstein coeffi-
cients of the quadratic polynomials e« (t) and S(t), that are sufficient and necessary for a rational RMF. Moreover, we show
that the constraints admit solutions for the coefficients o1, B (with one scalar freedom), for arbitrary choices of the coef-
ficients ao, B¢, 0¢2, B,. An algorithm to construct RRMF quintics is formulated, that should be adaptable to meet geometric
design requirements, and illustrative computed examples are included.

Since ac(t) and B(t) are quadratic for PH quintics, & ()’ (t) — &’ (t)ee (t) + B(£) B’ (t) — B/ (t) B(t) is the quadratic polynomial

2(@oet1 — @100+ BoBy — B1Bo) (1 —1)°
+ (@002 — @200 + BoB; — B2B)2(1 — 1)t
+2(@ 02 — @001 + B1By — BaB L2,
and & (t)a(t) + B(t)B(t) is the quartic polynomial
(@oeto + BoBo)(1 — )"
+ 3 (@oat1 + @1o + BoBy + B1Bo)4(1 — 1)’
+ [ & (@oaz + &acto + BoB; + B2Bo) + 5 (@ra1 + B1B1)]6(1 — 1)t
+ 3 @0z + @ray + B1By + B2B1)4(1 — D)
+ (@002 + B2t
These forms are used to derive constraints on the coefficients of a(t), B(t) that are sufficient and necessary for the satisfac-

tion of (8) by some complex polynomial w(t), and hence the existence of a rational RMF.

Proposition 2. A PH quintic specified by the Hopf map form (4) satisfies the rational rotation-minimizing frame condition (8) for some
quadratic complex polynomial w(t) if and only if the coefficients otg, a1, &2 and By, B1, B, of the quadratic complex polynomials ot (t)
and B(t) satisfy the constraint

(lecol? + 1Bol?) 1@10t2 + B1B21* = (le2)? + 1B21?) o1 + BoBil?, (13)
and either of the two constraints

agB — o1y =0, (14)

(letol® + 1Bol?) (0 By — 2 B0) = 2(cto@1 + BoB1) (o1 — &1 Bp). (15)

Proof. If wp, wi, wy are the Bernstein coefficients of w(t), satisfaction of (8) implies that, for some non-zero real number
y, we have

aoay — &0 + BoBy — B1Bo = ¥ (Wow; — WiWp),
@oatz — Aa0t0 + BoBy — B2Bo = ¥ (Wowy — Wawp),
@y — a0 + 1By — B2y = ¥ (Wiwz — Wowy),
@oeto + BoBo = ¥ WoWo,
aoat + &1 + BoB1 + B1Bo = ¥ (Wow1 + WiWp),
@ooty + 0200 + BoBy + B2Bo + 4@ 10t + B1B1) = ¥ (WoWs + WaoWo + 4W Wy ),
a1y + 00 + 1By + B2y = ¥ (Wiwz + Wawy),
@20z + B2y = yWows.

These eight equations can be reduced to
@oao + BoBo = ¥ WoWo,
@oa1 + BoBy = yWown,
@oaz + BoBy +2@1a1 + B1B1) = ¥ (Wowy + 2Wq W),
a1z + 1By = yWiwg,

@003 + 2By = yWaows. (16)
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Now by Lemma 1, we may assume wg = 1. The first of Eqs. (16) gives the proportionality constant

y =lool® +1Bol%,

and from the second equation we obtain

4 +_0
wy = 201 T PoB 1. (17)
lecol* + 1 Bol
Substituting y, wop, wy into the fourth equation then yields
@0+ B
w, — %2t hib, (18)

2= — —.
o1 + BoBi
To constitute a solution of the system (16), these expressions for y,wp, wi, w, must also satisfy the third and fifth of
these equations. Substituting y and w, into the fifth equation and clearing denominators leads directly to condition (13).
Similarly, upon substituting ¥, wg, wq, wy into the third equation and simplifying, we obtain
5 _ _ _ _ _
(lecol? + 1Bol*) @102 + B1B2) + 2|@oet + BoBq|* (ol + BoB1)
= (lecol* + 1BoI*) (o1 + BoB1)[@oet2 + BoBs + 2(jet1 |* +1811%)].

By straightforward but laborious manipulations, this can be reduced to

(@oB1 — &1B0)[(letol® + 1BoI*) (woBy — o2 Bg) — 2(0tod + BoB1) (@B — a1 8g)] = 0.
To satisfy this condition, one of the factors on the left must vanish: constraint (14) corresponds to (the conjugate of) the

first factor, and constraint (15) to the second factor. O

To obtain (18) we tacitly assumed that wy # 0, i.e., @ootq +Boﬂ1 #0. If agorq +Boﬂ1 =0, then w; =0 from the second
of Egs. (16), and hence a1a; + 18, =0 from the fourth. We now address this singular case.

Remark 6. Consider Egs. (16) when @pa; +/_i_0ﬂ1 EX 304 +/§1ﬂ2 =0, and hence wq = 0. Then the constraint (13) is evidently
satisfied. Regarding atpot1 + BoB = @12 + 1B, =0 as simultaneous equations for e¢1 and B, we must have either g8, —
o2B0=0or a1 =B, =0. So either (14) or (15) is also satisfied. Egs. (16) reduce in this case to

@ooto + BoBo = ¥y Wowo,

@tz + BoBy + 2101 + B1B1) = Y Wowa,

®r02 + B2y = Y WoWs.
With wo = 1, we have y = |ag|? + |Bo|? from the first equation, and

Wy = @oaz + BoBy +2(l@1 > + 18117

ol + 1Byl

from the second equation. Substituting y, wp, w; into the third equation and simplifying then yields the single constraint

(1ol + 1Bo?) (12l + 185 12) = |&oetz + BoBs + 2(1eerl® + 181 12) |

in lieu of (13) and (14) or (15), when @oot1 + Bof; = @102 + B18, =0.

Corollary 2. When condition (13) is satisfied in conjunction with (14), the PH quintic r(t) degenerates to a straight line, whose RMF is
trivially rational.

Proof. From condition (14) we must have By =zao and B, = za; for some complex number z. Substituting into (13), a
laborious but straightforward calculation yields |zee; — B,]> =0, and hence B = zaty. Therefore, (13) and (14) imply that
oy: B, =aq: B =0p: By and we infer from Remark 3 that the curve must be a straight line. O

As in the cubic case, we address separately the special case in which (8) is satisfied with both sides vanishing identically
(see Remark 5).

Corollary 3. If Im(atgot1 + BOﬂ]) =Im(@02 + B1 B3) =0, the polynomial w(t) is real, and r(t) is a planar PH quintic whose RMF is
trivially rational.
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Proof. When @oa1 + BoB; and &1az + B18, are both real, the coefficients (17) and (18) are real, so w(t) = wo(1 — )% +
w;2(1 — t)t + wyt? is a real polynomial. In this case, the third of Eqs. (16) implies that @getz + BoB, is also real. Since
loco|? 4 |Bo]? # 0 and |oez|? 4 |B5]? % 0, we can invoke the argument used in Corollary 1 to write

o1 = Mo — 21 o, B1=11Bg+ 2100, (19)
o = ha0g — 220, By =By + 2200, (20)
o1 =3 —23B2, By =A3By + 230, (21)

for A1, X2, A3 € R and z1, 23, z3 € C. Substituting from (20) for oy, B, into (21) and equating with (19) then gives
A3hy — 232y = A, A3Zy + A2Z3 =127.

From the first equation, z3z; must be real. By writing z; = |zz|exp(i¢2) and z3 = |z3|exp(ip3), we have z3z; =
|z3]|1z2] exp(i(¢3 — ¢2)), so z3Z; is real if and only if ¢ = ¢p3 + kv for integer k, i.e., zo = czz with ¢ € R. Thus, writing
z3 = u3z with ze C and us € R, we have z; = upz with wy =cus € R, and the second equation then gives z = 11z where
M1 = Aszuo + A3 € R. Hence, we can replace z1, zp, z3 in (19)-(21) by w1z, w2z, 3z, and the coefficients of e (t), B(t)
have the form identified in Remark 3 as specifying a planar PH quintic (other than a straight line), whose RMF is trivially
rational. O

Note that the analysis of RRMF cubics and quintics yields the same y, wy values, since the first two equations in (11)
and (16) are identical.

Remark 7. Proposition 2 leaves open the possibility that additional types of RRMF quintics, satisfying (8) with deg(a(t),
B(t)) =2 and deg(w(t)) > 2, may exist — see Remark 4 and Appendix A.

We now show how conditions (13) and (15) provide a simple algorithm for the construction of RRMF quintics. Note first
that (13) is a scalar condition, while (15) is a condition on complex values. Hence, these conditions impose three scalar
constraints on the twelve parameters in &g, a1, €2, Bg, By, B,. Consequently, if we freely assign four of these complex
coefficients a priori, we expect the algorithm to exhibit one residual scalar freedom.

Proposition 3. For any choice of the coefficients oo, Bo, 0t2, B that satisfy |atg|? + |8l # 0, |ee2|> + |B,|* # 0 the constraints (13)
and (15) identifying non-degenerate RRMF quintics admit solutions, with one free parameter, for the remaining coefficients a1, 8.

Proof. From (13) we can write

@oot1 + BoBy = ky/laol? + |Bol? exp(ifp). (22)
@001 + Bafy =ky/lae2|? + By |2 exp(i6y), (23)

for real k, 0p, 6,. Solving these as simultaneous equations for &1, B, gives®

_ Yool + 1Bo*B2 exp(i6o) — /11 + 1B2*Bo exp(ity)

o E—— — (24)
aofa —azfo
B =k Vl0ez|? + 1B 120 exp(i62) — /lato|? + | Bol* &2 exp(ifo) (25)
1= .

B2 — a0
Substituting from (22) for apat1 + ﬂ01§1 into (15), and the above expressions for a1, B; into the term oof; — a1, and
simplifying, we obtain

lotoBs — ot2Bol> = 202 [/ (1etol? + 1Bo?) (12 + 185 12) exp(i6) — (eto@a + BoB2)] (26)

where we define 6 = 6, — 6p. Since the term on the left is real, the imaginary part of the term on the right must vanish —
i.e.,, © must be defined by

_ Im(ao®> + BoB2)
V(eeol2 + 1B (o2 + 18 12)

sin@ (27)

3 We assume that aof; — a2 B # 0. Otherwise, we must have either &g, —ot1 8o =0 or ao@1 +ﬁ031 =0 from (15). The former identifies degeneration
to a straight line (see Corollary 2). For the latter, we also have a¢ja + 818, =0 by (13) — this corresponds to the singular case treated in Remark 6.
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The expression on the right always defines a permissible siné value, since
(lecol* + 1Bol?) (let2l® + 1B21?) = leto@> + BoB2|” + leto By — @280 (28)

and the expression on the right is certainly not less than Im?(aooty + ﬁoﬁz). Once 6 has been computed in this manner,
the corresponding value of k? can be found from (26) as

2 — 3latoBy — a2yl (29)
V(o + Bo?)(lee2|? + 1B 1?) cos 6 — Re(ao@z + BoB2)
Using (27) and (28), and choosing cos6 positive, this can be re-written as
2 3lotoBy — 2Bl (30)

\/|“0ﬂ2 — 038012 + Re?(atgly + BoB2) — Re(atodz + BoB2)

where the right-hand side is clearly non-negative. Choosing 6, freely, setting 6, = 6 + 6y with 6 obtained from (27), and
computing k from (30), we can determine o¢y and $; from (24) and (25). O

The method for constructing RRMF quintics may be summarized as follows.

Algorithm.

. Choose complex values o, B¢, @2, B with |ag|? 4 B> #0, |a2]? + |B5]* #0;
. Determine 0 from expression (27);

. Determine k from expression (30);

. Choose 6y freely, and set 6, =6y + 6;

. Compute a7 and B, from (24) and (25);

. Construct the hodograph (4) from «(t), B(t).

DU A WN =

It should be possible to impose desired geometrical constraints on the RRMF quintic r(t) under construction when
selecting input values ag, By, o2, B, for this algorithm (and choosing the parameter 6p). In the Hermite interpolation algo-
rithm (Farouki et al., 2002) for spatial PH quintics, based on the quaternion form (3), the coefficients Ap = ao + kB and
Az = az + kB, of the quadratic quaternion polynomial A(t) are fixed (modulo one scalar freedom each) by interpolating
the end-derivatives r'(0) and r'(1), while interpolation of the displacement r(1) — r(0) determines Ay = o1 + k. It can
be shown (Farouki et al., 2008) that, among the two-parameter family of interpolants, one parameter essentially controls
the arc length while the other controls the curve shape at fixed arc length. Since the conditions (13) and (15) for an RRMF
quintic amount to three scalar constraints, it will be necessary to relax from C! to G! Hermite data — i.e., interpolation of
the end-tangents t(0) =r/(0)/|r'(0)| and t(1) =r'(1)/|r'(1)|. However, a detailed treatment of this problem would incur an
extraordinary digression from our present focus, and we defer it to another paper.

Example 1. Consider the choices

wo=1+2, Bo=-2+i a@r=2—i, By=—1+2i

for which aod@z + BoB2 =4 + 8i, agBy — 2By = —2 — 4i, and |eto|? + |Bo|? = || + |85[%> = 10. Then (27) and (30) give
sinf =4/5 and k = /5. Taking 6p = 0 and 6, = 6, we have exp(ifp) = 1 and exp(if,) = (3 + 4i)/5, and from (24) and (25)
we obtain

ot1=1—+i and ﬁ1:_3+i.
V2 V2
From (17) and (18), the coefficients of w(t) are determined to be
wo=1, wlzl, wzzﬂ,
V2 5

and one can easily verify the complex quadratic polynomials e (t), 8(t), w(t) defined by these coefficients satisfy (8).
For this example, the polynomials a(t) = Re(w(t)), b(t) = Im(w(t)) that define the rational rotation (7) of the ERF onto
the RMF are given by

1 3 4
H=(1-t2+—=2(01 —t)t + =t> b(t) = ——t2.
at) =( )+ 2( )+5 , ®) 5

5

Once the Bernstein coefficients «g, a1, 2 and B¢, B, B, of the two quadratic polynomials «(t), B(t) are known, the ERF
can be constructed from (6).
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Frenet

Fig. 1. The RRMF quintic of Example 1, showing the Frenet frame (left), Euler-Rodrigues frame (center), and the rotation-minimizing frame (right). For
clarity, the unit tangent vector t =e; =f; (common to all three adapted frames) is not shown — only the two normal-plane vectors are illustrated.

The ERF vectors eq(t), ex(t), es3(t) have a rational quartic dependence on the curve parameter t. Since the polynomials
a(t), b(t) in (7) are quadratic, the RMF vectors f,(t), f3(t) are nominally rational functions of degree 8 in t. Since the
expressions for the ERF and RMF vectors are rather cumbersome, we refrain from quoting them here. The MAPLE computer
algebra system was used to compute them, and to verify that the w; component of the angular velocity , given by (1),
vanishes.

To construct the Bézier form of the RRMF quintic defined by integrating (4), it is convenient to convert to the quaternion
form (3). The quaternion coefficients A, = a; + kB, for r=0, 1,2 of A(t) are

_1+4itj-3K
==

and in terms of them we have (Farouki et al., 2002) the control points

Ao=1+2i+j—2k, Aq A2=2—i—|—2j—k,

p1=Ppo + %AoiAE,

B2 =1 + 15 (AokA] + A1),

Py = P2 + 5 (AoiAf +4A1iA] + A A,
Pa =3 + 15 (A1iAS + AiAD,

1 . ok
Ps =Ps+ gAzlAz,

the initial control point pg being an arbitrary integration constant. Fig. 1 illustrates the RRMF quintic, together with its ERF
and RMFE.

Although the RMF frame vectors f,, f3 and angular velocity components w>, w3 are rather complicated, the RMF angular
velocity magnitude |w| has a fairly manageable expression, namely

\/8(13 +8+/2)

\/82t4 + (52+/2 — 100)t3 + (118 — 22+/2)t2 — (100 + 30+/2)t + 65 + 40+/2

For comparison, the angular velocity magnitude |@| for the ERF is

c\/(62t2 — (14 — 6/2)t + 8 + +/2)(14t2 — (30 + 104/2)t + 40 + 25+/2)
82t4 + (52+/2 — 100)t3 + (118 — 22+/2)t2 — (100 + 30+/2)t + 65 + 40v/2

where ¢ = 2\/(1005 +568+/2)/217. Fig. 2 compares these angular speeds.

Remark 8. The RRMF quintic conditions (13) and (15) can, in principle, be expressed in terms of the quaternion representa-
tion for PH curves, using (Farouki et al., 2009a) the conversion

ar=%(Ar—iAri) and ﬂrz—%k(Ar-f—iAri) (31)
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angular speed ®

t

Fig. 2. Variation of angular velocity magnitude for the Euler-Rodrigues frame and rotation-minimizing frame, along the RRMF quintic of Example 1.

for r=0, 1,2 between the Hopf map and quaternion coefficients. Then we have locr |2 + 18,12 = | Ar|%, but the terms &gy +
BoB1, a0y + B1B, and apB — a1 By, ctoB, — 2By do not have simple and intuitive expressions in terms of Ag, A1, Aj.
Thus, the Hopf map form seems much better suited to the study of RRMF curves than the quaternion form.

6. Higher-order RRMF curves

The approach used in Propositions 1 and 2 to determine conditions on the coefficients of the polynomials e (t), B(t) that
are sufficient and necessary for rational RMFs on PH cubics and quintics can be extended to higher-order curves. To obtain
RRMF curves of degree 7, for example, we must use cubic complex polynomials e (t), B(t) and the system of equations
analogous to (11) and (16) in the case of RRMF cubics and quintics becomes

@oeto + BoBo = ¥ Wowo,

aoat + BBy = yWown,

2(@o0tz + BoBy) +3@1a1 + B1B1) = ¥ (2Wow2 + 3Wiwy),

@oas + BoBs + 6@z + B1B;) + 3@t + B2B1) = ¥ (Wow3 + 6W; Wy + 3Wwy),
213 + B183) + 3(@2a2 + B25) = ¥ QW1 W3 + 3Wawy),

@03 + B2B3 = yWaws,

@303 + B3B3 = yW3ws.

Taking wo = 1 again, we have y = |ag|? + |8,|? from the first equation, and from the second we see that wy is given by the
same expression (12) and (17) as in the cubic and quintic cases. Then w; and ws can be directly obtained in terms of the
coefficients of the cubics e(t), B(t) from the third and fourth equations. Substituting these expressions for y, wg, wi, wy, w3
into the fifth, sixth, and seventh equations then yields a set of constraints on the a(t), B(t) coefficients that are sufficient
and necessary for the degree 7 spatial PH curve specified by (4) to possess a rational RMF. Since the constraints in this case
are rather involved, we shall not further tax the reader’s endurance.

7. Closure

A method for constructing quintic curves with rational rotation-minimizing frames has been presented. These “RRMF
quintics” — which are necessarily PH curves — constitute the lowest-order non-degenerate curves with rational RMFs. The
construction is based upon the Hopf map form (4) of spatial PH curves, from which constraints on the coefficients of the
complex polynomials a(t), B(t) are derived that characterize the existence of rational RMFs on PH quintics. Using these
constraints, a simple algorithm was formulated that computes suitable values for the a1, 8; Bernstein coefficients of e (t),
B(t) when oy, By and a3, B, have been specified a priori. The algorithm should be modifiable to permit geometric design
using RRMF quintics, through a geometric Hermite interpolation scheme (this problem is deferred to another paper). The
approach to characterizing RRMF curves presented herein also gives a simple demonstration of the known fact that all
RRMF cubics are degenerate (straight lines or planar curves), and permits extensions to the characterization of RRMF curves
of degree 7 or higher.
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Appendix A. Analysis of gcd(Www’ — W'w, ww)

We consider here the possibility that the numerator and denominator of the expression on the right in (8) possess a
non-constant common factor, that can be cancelled out. Suppose w(t) = a(t) + ib(t), where gcd(a(t), b(t)) = constant, has r

distinct roots iy, ..., #, with multiplicities my, ..., m; so that my + - -- +m, = deg(w(t)). Then for some complex constant
¢, we have
;
w() =c[Je—pnp™. (32)
j=1
Note that none of 4, ..., i, can be real or complex conjugates, since such roots contradict the condition gcd(a(t), b(t)) =
constant.

From (32), the denominator of the expression on the right in (8) is
r
wow® = e [ [[¢—ppe—wH]™, (33)
j=1

and writing the derivative of w(t) as

w(0) —w(t)z u
k

the numerator of this expression can be written as

_, My Mg
t t) —w(t t) =w(t t —
W(OW (t) — w(O)W (1) w()w()Z T
= lcf? kamk um]‘[ (t—pye—p]™ ok, (34)
k= j=1

where we use the Kronecker delta

Py _{1 if j =k,
k=10 if j#£k.
Comparing (33) and (34), common factors of these complex polynomials may be identified. The polynomial (33) is the
product of terms [(¢t — p;)(t — ;)]™ for j=1,...,r. Obviously, its roots are simply the roots fq, ..., i, of w(t), together
with their conjugates f1, ..., fty, and g, ft; have multiplicity m; as roots of (33). On the other hand, the polynomial (34)
is a sum of products of the factors [(t—[Lj)(t—[_Lj)]mf for j=1,...,r — but with the exponent of [(t — i;)(t — k)] reduced
by 1 in the kth term for k=1,...,r
From (33) and (34) it is clear that, for these two polynomials to possess a common root, at least one of mq, ..., m; must
be greater than 1, i.e., w(t) must have at least one multiple root. Writing

h(t) = ged (W)W (t) — W(t)W'(t), W(H)w(t)),
so that w(t)w'(t) — w(t)Ww'(t) = h(t)p(t), W(t)w(t) = h(t)q(t), and hence

W(OW () — W OW() _ p(H)
WOW(D) )

for relatively prime complex polynomials p(t) and q(t), one can easily verify from (33) and (34) that, up to a (complex)
constant factor,

(35)

r

h) =~ mpe—zp]™ " (36)

j=1

Clearly, h(t) is actually a real polynomial. Comparing (33) and (34) with (36), we see that

p(t) = 2ilcf? kalmmk)]'[ (t—pye—mp]' ", (37)
k= j=1
a) =le’ [ [ —ppa—ip]- (38)

j=1
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If d=mq +---+m; =deg(w(t)), then deg(wW(t)w’'(t) — w(t)W'(t)) =2d — 2 and deg(W(t)w(t)) = 2d, and the degree of (36)
is

,
€= "2(mj—1).
j=1
Consequently, we have deg(p(t)) =2d — 2 — ¢ and deg(q(t)) = 2d — ¢ in the reduced form (35).

Remark 9. Up to a constant, the common factor of w(t)w'(t) — w(t)W'(t) and w(t)w(t) given by (36) is simply f(Of(t),
where f(t) = gcd(w(t), w'(t)). However, if w(t) satisfies (8) for given o (t), B(t) the “reduced” or square-free polynomial
w;(t) = w(t)/f(t) — which has each root pq,..., s, of w(t) as a simple root — does not satisfy (8) if any of the root
multiplicities mq, ..., m; exceed 1. Hence (8) might be satisfied by a polynomial w(t) of degree d > 2 with multiple roots,
it is not satisfied by polynomials with only simple roots.
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